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Chapter 1
Sierpinski triangle

This small report tries to demonstrate that the construction of Sierpinski triangle which uses the binomial
coefficient from Pascal’s triangle is a fractal.
It was made in addition to the report on Pascal’s triangle which can be found at :

http://bit.ly/pascal2014

1.1 Construction

Sierpinski triangle is a fractal which is simple to create. It has the overall shape of an equilateral triangle,
subdivided recursively into smaller equilateral triangles [1] as seen in figure 1.1.

But it can also be created using Pascal’s triangle by coloring all the odd numbers as shown in figure
1.2. Tt is this construction that we are going to study.

1.2 Definition

Definition 1 (Fractals[2]). Geometric fractals are fragmented geometric shape that can be split into
parts, each of which is (at least approzimately) a reduced-size copy of the whole. Authorities disagree
on the exact definition of fractals, but most usually elaborate on the basis ideas of self-similarity and an
unusual relationship with the space a fractal is embedded in.

But we are going to focus on the fractal’s property of self-similarity at different scale to prove that
Sierpinski triangle is a fractal.
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Figure 1.1: A Sierpinski triangle

Figure 1.2: Pascal’s triangle use for the creation of Sierpinski triangle
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Chapter 2

Proof

We want to proove that Sierpinski triangle is a fractal using the self-similarity property. We are going
to proceed in 3 steps :

1 All (%)),n € N,0 < k < 2" are even.
2. Such a property will lead to the formation of a triangular area.

3. Sierpinski triangle can be divided into 4 triangles, 3 of them congruent and which can be divided
in the same way as the former triangle.

. (2™ —
21 Stepl:neNO0<k<2":(7)=0 (mod 2)
We are first going to prove the following lemma :
Lemma 1 (Parity of (277];1)) (n,k) eN

"—1
0<k<2”—1:><2k )El (mod 2) (2.1)

To do so, let C' the functions that maps N — {0} onto N where :

n=2%xk,k=1 (mod 2) (2.2)
Cn) =« (2.3)

In words, C(n) is the maximum number of time n can be divided by 2 and still be an integer.
This function has three properties wich are prooved in the appendix B on page 11.

Property 1. Let a and b natural numbers :
C(ab) = C(a) + C(b) (2.4)
Property 2. Let a and b natural numbers and ¢ € N :
Cla) = C(b) = % =1 (mod 2) (2.5)
Property 3. Let a and b natural numbers :
a<2"=C(a)<n (2.6)

Proof by induction. We are going to prove that :

2" —1
nel N =1 (mod 2) (2.7)
KeNO<k<2m—1 k
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Base case. With lemma 2 we have (2"0_1) =1=1 (mod 2), for every n € N.

However with construction 2 we have : (*';!) = % = 1. Thus, for k£ = 0 and all whole n
we have :
(2" — 1)l = k(2" — 1 — k)l = C(2" — 1]!) = C(RI(2" — 1 — k))) (2.8)

Inductive step Let a rank p € N,0 < p < 2" — 1 for which for all whole n we have :
(2" — 1)) = C(pl2" — 1 - p)) (2.9)

Let K such as K =1 (mod 2) and p+ 1 = 26D x K.
But p < 2™ — 1, thus p+ 1 < 2™ and with property 3 we have C(p+1) <nand n—C(p+1) > 0.
Then :
—Clp+1)>0
A:¢K=1 (mod 2) (2.10)
2" — (p+1) =2" — 200tV
27=Cr+l) =0 (mod 2)
A=(2n=Clt) K =1 (mod 2) =C@2"—(p+1)=C(p+1) (2.11)
—(p+1) =20+ (2”_C(P+1) — K)

However with property 1 of C, we have :

Cllp+1'2"—1—=(+D]) =C(p+ 1)+ C([2" —p—2]!) (2.12)
Clp+1h)=CE)+Cp+1) (2.13)
c(2"—p-2h)=C(2" —p-1) - C2" —p—1) (2.14)
=C(2"-p-1) - Cp+1) (2.15)
Thus :

C(lp+ 12" —1—-(p+DH=CEH+Clp+1)+C(2" —p-1) - C(p+1) (2.16)
=CpH+C([2" —p—1]1 :C(p!(Q"—p— 1)!) (2.17)

Thus with the induction hypothesis (equation 2.9), for all whole n, we have :
c(2"—1)=C(p+ 12" =1—(p+ 1)]) (2.18)

Since the basis and inductive step have been performed, by mathematical induction, property 2 of C,
construction 2 and property 5 :

&iiwwgw_l‘ﬁﬂw—wrfwm“ﬁ—w> (2.19)
ﬁmé?ZU@:<wval<mﬂ® (2.20)

But we need to check the parity of (%).

neN on amn _ 1 oan _ 1
B - =1+1 d2)=0 d2) (2.21
{keNO<k<le$(k> (k—1>+< k ) +1 (mod 2) (mod 2) (2.21)

We thus have (with lemmas 2 and 3) :
Property 4 (Parity of (2,:)) (n, k) € N2

2"y _
neN N (2,%) =0 (mod 2) (2.92)
keN,0<k<2" (2.
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Figure 2.1: Close-up of Sierpinski triangle (annotated)

2.2 Step 2 : Formation of a triangle
Let a cartesian coordinate system (O,Z7 j), where O is the upper vertex of Sierpinski’s triangle, and 7
and j are define as seen in the figure 2.1.

We are also going to associate to each point with whole coordinates (Z), 0 <y <z, acolor. The

point of coordinates () will be of color “even”! if the binomial coefficient () is even, otherwise the
point is considered as ”odd”?2.

We are now going to prove that the property 4 in step 1 leads to the formation of a triangle, which
n n n+1
would have for vertex A(21 ), B( 2 ) and C(QQI_IQ) ;neN.

on 1
To do so, we are going to study the yellow area represented on figure 2.1. To prove that it is a triangle

we are going to study the following properties :
o It has 3 sides.
e All the points in the area are "even”.
o All the points directly next to® the area are ”odd”.

On figure 2.1, the yellow area doesn’t look as a triangle. However it is important to remind that
Sierpinski triangle is only a fractal if the Pascal’s triangle, used to create it, had an infinity of lines. If
there is an infinity of lines, when we will be looking at the whole triangle, the space between colored
points will be nil, as we would be seing an infinity of colored points in a limited area (usually the area
of a sheet of paper?).

Thus aligned colored points would look like a line (as there will not be any space between them). So
to proved our area has 3 sides, we are going to prove that the top, right and left sides of our area are
lines (AB, AC and BC). And to prove that the points next to the area are ”odd” we are going to check
the color of the lines next to the sides of our triangles.

But first, we are going to prove recursively that for n € N:

eEN0<a<2m (am)=1 (mod?2)
{Z Mo Z o =) =1 (mod2) (2.23)
ehashks (QTLZ'O‘) =0 (mod 2)

Recursive proof. Let n € N.

1Represented as white squares on figure 2.1
2Represented as red squares on figure 2.1

3 Above, below, right, left (not diagonaly)
4As in figure 1.1
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Base case. Let a = 0. Then : With property 4 we have :

eN Yr) = () =1 (mod2)
n n n
= (3 =0G)=1 (mod?2) (2.24)
keN0O<k<2" 2 2
ENO<k< o) Z 3 20 (mod 2
o ) = (k) = od 2)
Thus the basic step has been performed.
Inductive step. Let pe Nsuchas 0 <p < 2" —1 and:
2";'1’) =1 (mod 2)
keNp<k<2'=¢(*,")=1 (mod?2) (2.25)
(") =0 (mod 2)
So for p+ 1 we have (k € N) :
2n 1 2 2
p<2t—1l=p<p+1<2? :>< ;_ff):< ;—p>+<pj1p>51+o (mod 2)
(2.26)
2m 1 A A
p<2'—1=p<2'—1<2" = ( J;i” ) - (2n4_”1)>+< 2:7)) =0+1 (mod?2)
(2.27)
27 1 2" A
p+l<k+1<2"=p<k<2" :>( l:—f;_)=< ;p>+<k:_f>50+0 (mod 2)
(2.28)
Which can be sum up as :
2% 4p+1y
keN npfl )=1 (mod 2)
tl<kil<om = ("I =1 (mod 2) (2.29)
p n
Y =0 (mod 2)

CN.O<a<om 'reYy =1 (mod 2)
asSu=a () =1 (mod 2) (2.30)
keNa<k<2? P\
(*7*)=0 (mod2)

With this done we can now prove the 3 property of our area.
Let’s consider the top side :

e All the points of the top side 2™ as y-coordinates and there x-coordinate vary from 1 to 2" — 1,
thus they are aligned. However the points of AB also share this property, thus AB is indeed a side
of the triangle.

e The points above AB have the coordinates (27;1)70 < k < 2™ However in step 1 (lemma 1) we
proved that these binomial coefficient were odd. Thus, directly above AB, there are only ”odd”
points.

Let’s consider the right side :

e All the points of the right side have 2™ — 1 as x-coordinates and there y-coordinate vary from 2" to
2" 42" — 1 =27+ 1, thus they are aligned. However the points of BC' also share this property,
thus BC is indeed a side of the triangle.

e The points right of BC have the coordinates (2"2;",0‘),0 > a < 2" — 1. However we juste proved
that for an « in those conditions : (*,7*) =1 (mod 2). Thus, directly right of BC, there are only
”odd” points.
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Let’s consider the left side :

e All the points of the left side have (2::10“),0 > a < 2™ — 1 as coordinates, thus they are on all on

the line of equation y = 2" — 1 4+ x. However the points of AC share this property, thus AC in
indeed a side of the triangle.

e The points left of AC' have the coordinates (2”';0‘),0 > a < 2™ — 1. However we juste proved that

for an « in those conditions : (2:0‘) =1 (mod 2). Thus, directly left of AC, there are only ”odd”
points.

Plus, directly below C, the point of coordinates (2;1__11) is "odd,” as we proved with lemma 1.

With the recursive proof we just did, if we divide the area of our triangle into lines, then® we can say
that every points on each line of triangle ABC' are "even”, thus every points in the area of the triangle
are "even”.

Thus we have indeed the formation of an area which is a triangle. O

2.3 Step 3 : Self-similarity

To finish our proof, we need to prove the self-similarity of the Sierpinski’s triangle.
We are going to divide our Sierpinski’s triangle into 4 areas® : Ocy0q, 797172, VoU1ve, and ABC.
First of all, let’s prove that the 3 areas Ooy09, 797172, and vovvy are congruent.
With the figure 2.1 we can work out the coordinates of all the points :

O 277, 277,
2.31
(o) (s) () e
2" —1 ontl 1 ontl 1
g1 ( 0 ) T1 < 0 ) U1 < on ) (232)
2" —1 ontl 1 ontl 1
2.
(1) (o) wgay) e

We can then work out some lenghts :

Oo1 =T7o11 =vov1 =2" — 1 (2.34)
0102 =TTz =vivg =2" -1 (2.35)
002% = ToT2°= v =2 x (2" — 1)? (2.36)

So the 3 areas have the same dimensions. To check if they are congruent we also need to check the
color of their points.

With lemmas 2 and 3, we know that the segments Ocy, Oos, 7971, and vyvs only contains ”odd”
points.

With proved that next to segments AC' and BC' there were only odd points. However 1175 is next to
AC and vguy next to BC. Thus 775 and vgv; only contains ”odd” points.

So the left and right sides of the areas O3, 97172, and vguive only contains ”odd” points and are
thus congruent. However, with construction 1 we have :

(Zi 1) B (Z) * <k: i 1) = (Z) T (ki 1> (mod 2) (2.37)

Thus we know that the color (the parity of the corresponding binomial coefficient) of a point only
depends of the color of the points above it.

All 3 areas have the same starting color : Ooy, 1971 and vgv; are ”odd”. However with what we just
proved, we can say that the colors of the point in one area only depends on the color of these starting
points. Thus because the 3 areas have the same starting points, they will form the same pattern.

Thus these 3 areas are congruent.

5With (2'7%) =0 (mod 2)
6See figure 2.1
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So at a given 2" number of lines, Sierpinski’s triangle can be divided into 3 congruent triangles 7 and
an "even” triangle®. However, this property is also true at 27!, which means that the top triangle? can
also be subdivided into 3 congruent triangles and an ”even” triangle.

This means that when n tends to +o00, then Sierpinski’s triangle can be divided into smaller chunks
which can themselves be divided into smaller chunks. And at all levels we would be looking at the same
picture : an ”even” triangle surrounded by congruent triangles.

Thus Sierpinski’s triangle respect the self-similarity property of the fractals.

Thus Sierpinski’s triangle is a fractal. O

TO0102, ToT1T2, and voU1V2
8ABC
900107 in our example
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Appendix A

Properties of the binomial
coefficients

1

Most of the proof of these properties can be found in the original report on Pascal’s triangle".

Construction 1 (Recursive construction). n € N

|
rerso ()
|

VkeZ:
< (k+1

Construction 2 (In terms of n and k). (n,k) € N2

n n!
VE,0<k<n: =
=r=n (k) kl(n — k)!
Lemma 2. Letn € N, then : (8) =1
Lemma 3. Letn € N, then : (Z) =1

Property 5. V(n,k) e N2 0<k<n: (Z) eN

1See http://bit.1ly/pascal2014

10 of 12

(A1)
(A.2)

(A.3)

(A4)



Appendix B

Proof of the properties of function C
on page 4

Proof of property 1 on page 4 : C(ab) = C(a) + C(b). Let (a,b) € (N —{0})%
By definition of function C :

a=2%%xkgkys=1 (mod?2)=C(a)=a B.1)
b=2° xky,ky=1 (mod2)= C(b) =2 (B.2)
Thus ab = 278 x k.ky and k, x kyy =1 x 1 (mod 2) =1 (mod 2).
Thus :
C(ab) =a+ 3 =C(a)+ C(b) O

Proof of property 2 on page 4 : C(a) = C(b) = ¢ =1 (mod 2). Let (a,b) € (N—{0})? and § € N.
Let g such as ¢ = §. Then :

a=2%Xkg, kg =1 (mod 2) a kg
C(a) =C(b) = =q=-=— =k, =qk B.3
(a) = C®) {b2axkb,k,,1 (mod 2) 1= " e (B-3)
q is either even or odd. If g even then :
¢g=0 (mod2)=qgky=0 (mod?2)=k, =0 (mod?2) (B.4)
But £, is odd, thus ¢ cannot be even, and ¢ is odd. Thus £ =1 (mod 2).
Thus : a
C(a) =C(b) = 3= 1 (mod 2) O
Proof of property 3 on page 4 : a < 2" = C(a) < n. Let (a,n) € (N—{0})2.
We are going to do a proof by contradiction :
Let a as a < 2" and a = 2°(%) x k with k =1 (mod 2).
Suppose that C(a) > n, then :
QC(a) > 9n
= =200 x k> x k> 2" (B.5)
k=1 (mod2)=k2>1
=aq>2" (B.6)

However a < 2", then this contradicts our assumtion so we are forced to conclude that :

a<2"=C(a)<n O
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