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Refresh Play with numbers

How to play with numbers
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√
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= 1
1
22n ≤

1 � 2 � 3 � . . . � n

≤ 4n

a ◦ b = gcd(a,b), their greatest common divisor.
a � b = lcm(a,b), their least common multiple.

Theorem (Lower Bound for Consecutive LCM)

` LCM [1 .. (n + 1)] ≥ 2n
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How to play with triangles

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

1 6 15 20 15 6 1

1 2
3

1 4 6 4 1

Pascal’s Triangle
Boundary entry: always 1.
Inside entry: sum of two immediate parents.

Sum of the n-th row:
n∑

k=0

(
n
k

)
= (1 + 1)n = 2n
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Triangle Pattern

1 1
1 1 1 1

1 2 1 1 2 1
1 3 3 1 1 3 3 1

1 4 6 4 1 1 4 6 4 1
1 5 10 10 5 1 1 5 10 10 5 1

1 6 15 20 15 6 1 1 6 15 20 15 6 1

⇒

4 6
10

4 6
10

Pascal’s Triangle: symmetrical to vertical-horizontal.

Turns a triplet (entry with parents) into an inverted-L.
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Playing with Patterns

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

⇐ ×11
⇐ ×22 2
⇐ ×33 6 3
⇐ ×44 12 12 4
⇐ ×55 20 30 20 5
⇐ ×66 30 60 60 30 6
⇐ ×77 42 105 140 105 42 7

Multiplying each row by the number of elements in that row.

Result: Leibniz’s Triangle, in denominator form.
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Leibniz’s Harmonic Triangle

1 1
1

2 2 1
2

1
2

3 6 3 1
3

1
6

1
3

4 12 12 4 1
4

1
12

1
12

1
4

5 20 30 20 5 1
5

1
20

1
30

1
20

1
5

6 30 60 60 30 6 1
6

1
30

1
60

1
60

1
30

1
6

7 42 105 140 105 42 7 1
7

1
42

1
105

1
140

1
105

1
42

1
7

⇒

12

20 30

1
12

1
20

1
30

Leibniz’s Triangle in usual form (e.g., Wikipedia).

Build-up unit: L-triplet (an entry with children).

For a Leibniz triplet
(

a
bc

)
:

1
a
=

1
b
+

1
c
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Refresh Consecutive LCM

Consecutive LCM

1
2 2
3 6 3
4 12 12 4
5 20 30 20 5
6 30 60 60 30 6

1
2
3
4
5
66 30 60 60 30 6

How does this triangle relate to our goal?

Amazing: LCM (vertical column) = LCM (horizontal row).

This is LCM exchange for big-L,
and LCM (horizontal row) is easier to estimate.
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Proof Idea for LCM [1 . . . (n + 1)] ≥ 2n

1

2 2

3 6 3

4 12 12 4

5 20 30 20 5

1

2

3

4

5

5 20 30 20 5

LCM [1, 2, 3, 4, 5]

= LCM [5, 20, 30, 20, 5] by LCM exchange for big-L
= 5 × LCM [1, 4, 6, 4, 1] taking out common factor
= LCM [ 1 , 4 , 6 , 4 , 1 ] multiply = repeated add

+ LCM [ 1 , 4 , 6 , 4 , 1 ]

+ LCM [ 1 , 4 , 6 , 4 , 1 ] “unrolling”
+ LCM [ 1 , 4 , 6 , 4 , 1 ]

+ LCM [ 1 , 4 , 6 , 4 , 1 ] LCM = least common multiple
≥ 1 + 4 + 6 + 4 + 1 picking diagonal elements
= (1 + 1)4 = 24 row sum of Pascal’s triangle.
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Motivation AKS work

AKS mechanisation

... [the first lemma] ...

Need to formalise this LCM lemma, so look up Nair’s paper.
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Motivation AKS work

Nair’s Paper (1982)

“Clearly” the integral I, multiplied by dn = LCM [1 . . . n], is an integer.
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The Journey

The Journey
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The Journey Searches

Math about LCM

Google: “LCM lower bound”
Google: “LCM identity”

I Found this question on Math Stack Exchange:
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The Journey Google Search

Math Stack Exchange

Cryptic “difference operator” means Leibniz’s Harmonic Triangle!

Leibniz triplet:
(

a
bc

)
:

1
a
=

1
b
+

1
c

, or
1
c
=

1
a
− 1

b
.
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The Journey Induction

Induction Pattern

How to prove the identity by induction? Need a pattern.
Assuming the identity, does it lead to the lower bound?
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The Journey Induction

Finding Pattern

A sample of my investigation, by examples.
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The Journey Induction

Promising Result

Figure out that the LCM identity leads to the desired lower bound.
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The Journey Induction

Hit an Idea

Focus on a triplet . . .

hope: lcm a b = lcm b c = lcm c a.
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The Journey Induction

Voliá

Success!

Hing-Lun Chan & Michael Norrish (ANU) Bounding LCM with Triangles Oct 17, 2018 20 / 36



The Journey Found the Key

Key Property

Theorem (LCM Exchange)

For a Leibniz triplet
( a

bc

)
, lcm b c = lcm b a.

lcm b c

bc
gcd(b, c)

abc
a × gcd(b, c)

abc
gcd(ab, ca)

cba
gcd(c(b − a), ca)

cba
c × gcd(b − a, a)

ba
gcd(b, a)

lcm b a

ab = c(b − a)

GCD×LCM = product

(
a
bc

)
: 1

a = 1
b + 1

c

Euclidean Algorithm

product = GCD×LCM
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The Journey Leibniz Triplet

Triplets in Triangle

1
2 2
3 6 3
4 12 12 4
5 20 30 20 5
6 30 60 60 30 6

1
2 2

2
3 6

2
6 3

12
20 30 30

60 60

Triplets are the building blocks of Leibniz’s triangle:

Each triplet has a vertical pair and a horizontal pair.
We have: LCM (vertical pair) = LCM (horizontal pair)

This is LCM exchange for small-L.
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Path Transform Zig-zag Paths

Zig-zag Paths

a a
b c b c

y y
x x

z z

Before After← identical LCM→

Extending a Leibniz triplet, keeping the overall LCM.
A path can zig-zag to another by a suitable Leibniz triplet.

By Leibniz triplet property,

Theorem
` p1  p2 ⇒ LCM p1 = LCM p2

Hing-Lun Chan & Michael Norrish (ANU) Bounding LCM with Triangles Oct 17, 2018 23 / 36



Path Transform Zig-zag Paths

Zig-zag Paths

a a
b c b cy y

x x

z z

Before After← identical LCM→

Extending a Leibniz triplet, keeping the overall LCM.

A path can zig-zag to another by a suitable Leibniz triplet.

By Leibniz triplet property,

Theorem
` p1  p2 ⇒ LCM p1 = LCM p2

Hing-Lun Chan & Michael Norrish (ANU) Bounding LCM with Triangles Oct 17, 2018 23 / 36



Path Transform Zig-zag Paths

Zig-zag Paths

a a
b c b cy y

x x

z z

Before After← identical LCM→

Extending a Leibniz triplet, keeping the overall LCM.

A path can zig-zag to another by a suitable Leibniz triplet.

By Leibniz triplet property,

Theorem
` p1  p2 ⇒ LCM p1 = LCM p2

Hing-Lun Chan & Michael Norrish (ANU) Bounding LCM with Triangles Oct 17, 2018 23 / 36



Path Transform Zig-zag Paths

Zig-zag Paths

a a
b c b cy y

x x

z z

Before After← identical LCM→

Extending a Leibniz triplet, keeping the overall LCM.
A path can zig-zag to another by a suitable Leibniz triplet.

By Leibniz triplet property,

Theorem
` p1  p2 ⇒ LCM p1 = LCM p2

Hing-Lun Chan & Michael Norrish (ANU) Bounding LCM with Triangles Oct 17, 2018 23 / 36



Path Transform Zig-zag Paths

Zig-zag Paths

a a
b c b cy y

x x

z z

Before After← identical LCM→

Extending a Leibniz triplet, keeping the overall LCM.
A path can zig-zag to another by a suitable Leibniz triplet.

By Leibniz triplet property,

Theorem
` p1  p2 ⇒ LCM p1 = LCM p2

Hing-Lun Chan & Michael Norrish (ANU) Bounding LCM with Triangles Oct 17, 2018 23 / 36



Path Transform Wriggle Paths

Wriggle Paths

1

2 2

3 6 3

4 12 12 4

5 20 30 20 5

1

2

3

4

5

1

2

3

4

5

22 2

3

4

5

22

3

4

5

6

2

3 6

4

5

3

2

6

4

5

33 6 3

4

5

6 33

4

5

12

3

4

6

12

5

124 12

3

12

5

412 12 44

5 20

12 4

5

12

20 30

4

5 20

12

30 205 20 30

4

20 55 20 30 20 5

Transform by successive zig-zags, keeping the overall LCM.
A path can wriggle to another by successive zig-zags.

By Leibniz triplet property,

Theorem
` p1  ∗ p2 ⇒ LCM p1 = LCM p2
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Path Transform Polishing

Polishing
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Path Transform Polishing

Done and Dusted

Once the key is proved (SourceTree #1200), back to AKS work.
Did not bother to formulate path transform: zig-zag and wriggle.
Establish the LCM lower bound by brute-force induction (#1211).
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Path Transform Polishing

Back in Spotlight

Our AKS work, Part 1, was published in ITP2015.
Plan to submit a paper to ITP2016: on AKS work, Part 2.
A fortnight before deadline, still working on proof scripts.

Pick this LCM result for the category “Proof Pearl”.

Explain the proof by drawing this picture:

Good picture, but the proof script is bad — heaps of induction.
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Path Transform Polishing

Major Changes

Formalize in HOL4: path transform, zig-zag and wriggle.

Reformulate the theorems based on such concepts (#1531).

A 12-page draft, with wonderful diagrams, tables and proofs.
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Path Transform Polishing

Final Touch (by supervisor)

Cut away half of the draft, keeping only 3 proofs (so 6 pages).
Define properly a Leibniz triplet, re-arrange diagrams and tables.
Wriggle is the reflexive transitive closure (RTC) of zig-zag (#1567).

Last day: can’t complete the RTC induction for wriggle. Help!
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Path Transform Polishing
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Reviews

Review #1, Expertise: high

This paper presents a “proof pearl”, a short and clever proof
that 2n ≤ lcm(1, ...,n + 1). This is not a trivial result: Nair’s
proof of this fact was published in 1982, and Google search
reveals some recent strengthenings and generalizations, but it
seems that there is no published elementary proof of this fact.

[...], the authors have provided an elegant proof of an
interesting result, and have formalized it. It certainly fits the
description of a proof pearl.

The wording of Theorem 5 is confusing. [...] How about
saying this: [...]

The reference to the “unrolling” in Section 5 makes it
mysterious, and the proof is needlessly baroque. The
argument is simply this: [...]
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Reviews

Review #2, Expertise: medium

The authors describe a (mechanised) proof of a
number-theoretic fact: 2n ≤ lcm(1, ...,n + 1). The proof is not
new, but the paper is advertised as a pearl.

In the past I have reviewed several papers that were
advertised as pearls, but that in my opinion were not pearls.
That is not the case with this paper. I found the text engaging,
and easy to follow. The proof is non-trivial, but the authors
made it easy to understand for me, and I thought that the
mechanisation was presented at a suitable level of detail.

I strongly recommend the paper for publication.
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Reviews

Review #3, Expertise: medium

This proof pearl shows a lower bound for the least common
multiple of the first n integers [...]

Although the inequality is quite specific, this paper
demonstrates that it is worth to search for elegant proofs
rather than to apply the golden hammer of a complicated
theory. Indeed, the formalised proof is very elementary
compared to the published proofs I know of. The authors have
done a good job of bringing together the proof ingredients
(which have been known) and explaining the proof idea.

In summary, I think that this paper makes a nice proof pearl,
and I therefore recommend acceptance.
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Epilog

Conclusion

This talk is dedicated to

Michael Norrish,

my supervisor.

Scripts
https://bitbucket.org/jhlchan/hol/src/
subfolder: algebra/lib.
Paper
https://bitbucket.org/jhlchan/hol/downloads
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